In this paper, entanglement classi¯cation shared among the spins of localized fermions in the noninteracting Fermi gas is studied. It is proven that the Fermi gas density matrix is block diagonal on the basis of the projection operators to the irreducible representations of symmetric group S n . Every block of density matrix is in the form of the direct product of a matrix and identity matrix. Then it is useful to study entanglement in every block of density matrix separately. The basis of corresponding Hilbert space are identi¯ed from the Schur-Weyl duality theorem. Also, it can be shown that the symmetric part of the density matrix is fully separable. Then it has been shown that the entanglement measure which is introduced in Eltschka et al. [New J. Phys. 10, 043104 (2008)] and Guhne et al. [New J. Phys. 7, 229 (2005)], is zero for the even n qubit Fermi gas density matrix. Then by focusing on three spin reduced density matrix, the entanglement classes have been investigated. In three qubit states there is an entanglement measure which is called 3-tangle. It can be shown that 3-tangle is zero for three qubit density matrix, but the density matrix is not biseparable for all possible values of its parameters and its eigenvectors are in the form of W-states. Then an entanglement witness for detecting nonseparable state and an entanglement witness for detecting nonbiseparable states, have been introduced for three qubit density matrix by using convex optimization problem. Finally, the four spin reduced density matrix has been investigated by restricting the density matrix to the irreducible representations of S n . The restricted density matrix to the subspaces of the irreducible representations: S sym , S 3;1 and S 2;2 are denoted by sym , 3;1 and 2;2 , respectively. It has been shown that some highly entangled classes (by using the results of Miyake [Phys. Rev. A 67, 012108 (2003)] for entanglement classi¯cation) do not exist in the blocks of density matrix 3;1 and 2;2 , so these classes do not exist in the total Fermi gas density matrix.
Introduction
Quantum entanglement plays an important role in quantum mechanics because it is extensively used in quantum information theory. Entanglement is a physical resource in performance of some important quantum information and quantum computation processes such as quantum parallelism, 1 quantum cryptography, 2 quantum dense coding 3, 4 and quantum teleportation. 5, 6 Many researchers have attacked to the characterization of multipartite entanglement in pure and mixed states by using various approaches. [7] [8] [9] The entanglement classi¯cation of three qubit pure and mixed states has been studied in great depth. [10] [11] [12] There are some papers about the classi¯cation of entanglement in four qubit pure states, but there is no unique analogy about the number of classes in four qubit entanglement. Verstraete et al. 13 considered a pure four qubit state and investigated its behavior under the action of stochastic local quantum operations assisted by classical communication (SLOCC). They asserted that their research lead to a complete classi¯cation of all di®erent classes of pure four-qubit states. In their paper, it is shown that there exist nine families of states corresponding to nine di®erent ways of entangling four qubits. Then Miyake published a paper 14 and studied the classi¯cation of pure states by using hyperdeterminants. Then Lamata et al. 15 showed that there exist eight inequivalent ways to entangle four qubits by using an inductive approach to classify multipartite entangled states under stochastic local operations and classical communication. Also Borsten et al. 16 used string theory to derive the classi¯cation of four-qubit entanglement. They asserted that there are 31 entanglement families, which reduce up to nine permutation of the four qubits. In other paper, Li and Li 17 constructed coe±-cient matrices associated with pure n-qubit states and proved the invariance of the ranks of the coe±cient matrices under stochastic local operations and classical communication (SLOCC). They found 28 genuinely entangled families and all the degenerate classes can be distinguished up to permutations of the four qubits. Then Buniy and Kephart published two papers 18, 19 which provided a classi¯cation of entangled states by using algebraic properties of linear maps associated with the states. They classi¯ed the entanglement of four qubit states in 82 classes which can be express as 27 fundamental sets of classes (by considering that some di®erent classes are equivalent from the permutation point of view). For example, the classes (A-BCD), (B-ACD), (C-ABD) and (D-ABC) are di®erent but they are related by a permutation symmetry. One of the important tools in detecting entanglement in mixed states is entanglement witness (EW). Entanglement witness is an observable which characterize separable states and detect entanglement in a system. [20] [21] [22] It does not have the ability to say that which state is entangled than the other, but it can be constructed in a way that distinguish various classes of entanglement. An EW has a non-negative value on all pure separable states TrðW sep Þ ! 0. The entanglement of is detected by EW if and only if TrðW Þ 0.
23-27
The characterization of multipartite entanglement is very important in all physical systems specially in solid state models. Researchers are interested for studying the entanglement in the solid state models. There are some researches that the authors have studied the entanglement in the pure states of solid state models. [28] [29] [30] But they have often studied the bipartite entanglement in the pure states. Studying entanglement in the mixed states is di±cult. Recently Eltschka et al. 31 have attacked to this problem. They could calculate the three-tangle of mixed three-qubit states composed of a generalized GHZ state and a generalized W state. There is not any general computable entanglement measure for general four qubit mixed states until now. In fact studying the entanglement of four qubit systems is mostly an open problem for both pure and mixed states. So the solid state researchers rarely focused on the entanglement in the mixed states. 32 However, it certainly plays a serious role in quantum phase transitions 33, 34 and might be a useful tool to unresolved problems in physics such as high temperature superconductivity. 35 In Ref. 36 , the authors have studied multipartite entanglement in Fermi gas model and they showed that genuine tripartite entanglement does not exist in the ideal Fermi gas, by using entanglement witnesses. Then Vertesi showed that genuine tripartite entanglement can be exist in the Fermi gas density matrix. 37 In this paper, we investigate entanglement classi¯cation in the Fermi gas of noninteracting particles at zero temperature. We¯rst show that the n-qubit density matrix in Fermi gas model is block diagonal in the basis of projection operators to the subspaces of symmetric group S n . We give the dimension of total space and the basis of Hilbert space by using the Schur-Weyl duality theorem. 38, 39 Also, we show that the symmetric part of density matrix (the part which is proportional to the projection operator of symmetric subspace of S n ) is fully separable. In Refs. 40 and 41 the authors introduced a polynomial entanglement measure of degree-2 for any even-N qubits mixed state. We show that this measure for Fermi gas density matrix is zero. Then we focus on three qubit Fermi gas density matrix ( 3 ) and study the entanglement classi¯cation in it. The restricted density matrix to the symmetric subspace, is separable but the restricted density matrix to the subspace S 2;1 , (i.e. 2;1 ) is entangled. Then by showing that the density matrix 2;1 is the convex combination of W-states (from its eigenvectors), we prove that there is W-type entanglement in the three qubit Fermi gas density matrix. Then from this fact that the density matrix 3 is block diagonal, it can be concluded that the measure tangle is zero for the total density matrix 3 . Also, we use a bipartite entanglement witness to prove again that 3 is non-biseparable for some values of its parameters. Then we give an entanglement witness for detecting separable states in three qubit Fermi gas density matrix. Finally, we study the entanglement in four qubit Fermi gas density matrix. To this aim¯rst we use the results of Ref. 19 in classi¯cation of entanglement in four qubit states and identify the entanglement classes of the basis of subspaces of S n . Then we discuss about the entanglement classes in the restricted density matrices 3;1 and 2;2 and show that the eigenvectors of the blocks of density matrix belong to the classes C 19 , C 60 and C 33 . Then by calculating the polynomial entanglement measure of degree-2 for the 27 entanglement classes of four qubit states, it has been concluded that this measure is nonzero for 13 classes. This measure is zero for the four qubit Fermi gas density matrix, so we conclude that the four qubit density matrix cannot belong to these 13 classes. Therefore from the fact that this measure is nonzero for the classes C 33 and C 60 , the density matrix cannot belong to these classes and it can belong to the class C 19 and biseparable states of the classes C 2 À C 7 and C 11 À C 18 . The classi¯cation of entanglement in three and four qubit states are investigated in some researches but there is no unique classi¯cation in¯ve qubit states yet. So we had to study the entanglement classes in three and four qubit Fermi gas density matrices. Finally, we construct two kinds of entanglement witness to detect non-separable states in the 4 by using the basis of projection operators and convex optimization problem. The paper is constructed as following: In Sec. 2 we explain the n particle Fermi gas reduced density matrix. Then in Sec. 2.1 we show that the n particle density matrix is block diagonal in the basis of projection operators to the subspaces of symmetric group S n . The proof that the symmetric part of density matrix is fully separable is in Sec. 2.2. The polynomial entanglement measure of degree-2 for any even-N qubits mixed state is given in Sec. 2.3 and it is shown that this measure is zero for total even n qubit density matrix. Section 3 is appropriated for three qubit density matrix. Section 3.1 is about the entanglement in the subspaces of S 3 and Sec. 3.2 is about entanglement in 3 . Then we give an entanglement witness for detecting nonseparable states in three qubit Fermi gas density matrix in Sec. 3.3. In Sec. 3.4, we give an entanglement witness for detecting nonbiseparable states and use convex optimization in Secs. 3.4.1 and 3.4.2 to achieve an optimized witness. In Sec. 4, we focus on four qubit density matrix and in Sec. 4.1 we give the entanglement classes of basis of subspaces of symmetric group S n by using the results of Ref. 19 . Section 4.2 is the discussion about the entanglement classes of blocks of density matrix. In Secs. 4.3.1 and 4.3.2 we give some entanglement witnesses for detecting non-separable states in 4 . The conclusion is given in Sec. 5. The young tableaux and the basis of subspaces of S 3 and S 4 are in Appendices A and B, respectively. A brief summary of the results of Ref. 19 for entanglement classi¯cation for four qubit states, is in Appendix C.
Fermi Gas Reduced Density Matrix for n Particle
We consider a many fermion system with a¯xed number of particles and a density matrix . The elements of the reduced density matrices for 1; 2; 3; . . . ; n particles labeled by 1 ; 2 ; . . . ; n respectively are given by 
jvaci equals the ground state of the Fermi system. The c † k; is the creation operator that creates an electron of momentum k and spin . The Fermi momentum is denoted by k F and the vacuum state is jvaci. The É are the¯eld operators and obey the usual fermion anti-commutation relations
After a straightforward calculation we arrive at a form for the density matrix for n particles which is particularly useful to investigate entanglement. The Fermi gas reduced density matrix is in the form
ð2:1Þ where j
p ðj " #i À j # " iÞ and the sum runs over all the pairs ij. The probabilities p ij are functions of the relative distances between all pairs. As an example, we write down the density matrix for the two, three and four particle case:
2.1. Fermi gas density matrix is block diagonal in terms of projection operators to the subspaces of symmetric group S n
The density matrix n can be written in terms of projection operators to the subspaces of symmetric group S n . The subspaces of symmetric group S 3 and S 4 are in Appendices A and B. The Young tableau of subspaces of S n are shown in Fig. 1 . We have to use the young tableau representation of S n which have one or at most two rows. The projection operator to the arbitrary subspace of S n can be written in terms of j À ih À j and the projection operator of symmetric subspace of S nÀ2n 1 .
The projection operator of young tableau of the Fig. 2 is in the form
jD nÀ2n 1 ;m ihD nÀ2n 1 ;m jÞ:
ð2:3Þ
where
and jD nÀ2n 1 ;m i is the n À 2n 1 qubits Dicke state with m entries equal to 1. A n qubit Dicke state with m entries equal to 1, is given by
Two projection operators to the di®erent subspaces of S n are perpendicular to each other
The dimension of young tableau of S nÀn 1 ;n 1 by using the Hook formula is
The dimension of total space of the young tableau S nÀn 1 ;n 1 , (which we show it by d T ), can be obtained from the Schur-Weyl duality theorem. This theorem says that as a . . .
. . . representation of S m UðnÞ,
where lðÞ is the number of parts of and L is the irreducible representation of UðnÞ with highest weight . In our work, The group SUð2Þ is instead of UðnÞ. So the dimension of total space, is the product of the spin part (SUð2Þ) and the S n , i.e. (Hook formula). Therefore, Fig. 3 , we show the Young tableau representation of arbitrary subspace of S n and its duality with SUð2Þ.
We use the Schur-Weyl duality theorem to construct the basis of our density matrix and the projection operator. In standard¯lling of Young tableau representation, usually the numbers are arranged increasing from left to write and top to bottom, but in that case we cannot construct complete set of basis, so we have to violate the standard rule of¯lling of Young tableau, therefore we consider all kinds of useful permutations of particles in the Young tableau representation of S n . Then in Young tableau representation of SUð2Þ, at¯rst we consider the highest weight of SUð2Þ, then by applying the lowering operator to the highest weight, the other basis can be obtained respectively. The density matrix n is block diagonal in the basis of the projection operators to the subspaces of S n :
ð2:8Þ
where P i and P j are two projection operators to two di®erent subspaces of S n . Generally the Identity matrix I nÀ2 in density matrix n can be decomposed to the projection operator of symmetric and nonsymmetric subspaces as Therefore, it is possible to write the blocks of density matrix (i.e. the restricted density matrix to the subspace S nÀn 1 ;n 1 ) in terms of projection operator P nÀn 1 ;n 1
ð2:10Þ
We said that the density matrix n is the direct sum of the projection operators to the subspaces of S n and we concluded that the density matrix n is block diagonal in the basis of subspaces of S n .
ð2:11Þ
Every block of n is invariant under the SUð2Þ from the Schur-Weyle duality theorem, so
U is an irreducible representation, so from the Schur lemma, every block of in the basis of relevant subspace should be proportional to Identity as 
4. An example for constructing the basis of projection operator by using the Schur-Weyl duality theorem. The example is for three qubit Fermi gas density matrix. The standard¯lling rule has been violated in the third basis.
The symmetric part of density matrix is separable
The symmetric part of density matrix is separable. Suppose an m qubit separable state is given as jnijni . . . jni where
The separable state jnijni . . . jni can be written in terms of Dicke states as
where jD m;k i is the m qubit Dicke state with k entries equal to 1. Then we want to calculate the following integral:
By considering the change of variable t ¼ cos , the above expression will be
Again by applying u ¼ This state is the symmetric part of m , so the symmetric part of m is separable. where ¼ ð y y Á Á Á y Þ Ã ð y y Á Á Á y Þ. Now we want to calculate this measure for even n qubit Fermi gas density matrix. We showed that the density matrix n is the direct sum of the projection operators to the subspaces of S n , as
where nÀn 1 ;n 1 is the restricted part of density matrix to the subspace S nÀn 1 ;n 1 (the ðn 1 þ 1Þth block of density matrix) and its trace is not equal to one.
Therefore, we concluded that the density matrix is block diagonal in the basis of subspaces of S n . In the case of n qubit Fermi gas density matrix, because of the reality of the parameters p ij s, we have Ã ¼ . Then
So we conclude that ¼ . Therefore, the i s in (2.18) become the eigenvalues of density matrix. From Eq. (2.13), except the block n 2 ; n 2 , the other blocks of density matrix, have the degree of degeneracy higher than two, so all of their eigenvalues are less than 
Then the maximum value of trace will be for
So the summation of its eigenvalues is less than 1 2 . Therefore, from this fact that the summation of eigenvalues of the total density matrix is less than 1 2 , we conclude that CðÞ ¼ 0. Therefore, the polynomial entanglement measure of degree-2 is zero for the total density matrix . Therefore, there exist an optimal decomposition of density matrix to the pure states that this measure is zero for these pure states.
Three-Spin Reduced Density Matrix
In this section, we want to investigate the multipartite entanglement in three qubit density matrix of fermion gas model. The three-spin reduced density matrix 3 is given by
ð3:1Þ
The density matrix 3 can be written in the form
ð3:2Þ
This density matrix can be rank four. In this case, we have a constraint as
So the nonzero eigenvalues of rank four density matrix are The allowable subspaces of S 3 in qubit systems are S sym and S 2;1 . We show the projection operators to these subspaces with P 3 and P 2;1 (see Appendix A). Three qubit states generally can be decomposed into four entanglement class: 
We can obtain the biseparable states by combination of two basis as 
Entanglement classes in ½ 3
The density matrix 3 is biseparable for positive values of p 12 , p 13 and p 23 , because it is the convex combination of separable and biseparable states.
In the case where p 0 ¼ p 12 ¼ p 13 ¼ p 23 , the density matrix will be
The Identity operator is composed of two parts: the projection operator to the symmetric space and the projection operator to the other space. Therefore, the density matrix in terms of projection operators to each space, will be where
ð3:15Þ
In Sec. 2.2, we showed that the symmetric block of density matrix is separable, so sym is separable. The block 2;1 has eigenvectors as
where i ¼ 1; 2. The states j 0 j i for j ¼ 1; 2; 3; 4 are given in (A.3). The entanglement measure 3 for the vectors jV 1 i and jV 2 i is equal to zero, so from the fact that the block 2;1 is the convex combination of the vectors jV 1 i; jV 2 i, so the measure tangle is zero for the block 2;1 . The total three qubit density matrix is the direct sum of sym and 2;1 . So the measure tangle is zero for the total density matrix 3 .
Entanglement witness for detecting separable states
Suppose the witness is in the form 3 we conclude that
20Þ
Then the optimization problem for this witness is
The minimum value of ðn 1 :n 2 þ n 2 :n 3 þ n 1 :n 3 Þ is for n i :n j ¼ À 1 2 , so ðn 1 :n 2 þ n 2 :n 3 þ n 1 :n 3 Þ ¼ À Therefore, the detection constraint is 
An entanglement witness for detecting biseparable states
We suppose that the entanglement witness is as follows: 
So in order to minimize the Trð 1À23 W 2 Þ one should maximize the following expression with the constraints a
The solution is f max ¼ 
So one should maximize the expression
Entanglement classi¯cation in the noninteracting Fermi gas Therefore, for the above region of the parameter p 23 , the rank two Fermi gas density matrix is nonbiseparable. 
Four Qubit Fermi Gas Density Matrix
¼ 1 16 ð1 À 6p 0 ÞP 4 þ 1 þ 6p 0 16 P 2;2 þ 1 þ 2p 0 16 P 3;1 :
Investigation entanglement classes for basis of subspaces of S 4
In Ref. 14, the authors tried to classify entanglement by an algebraic method and they found nineteen invariants. Then they classi¯ed all four qubit states in 82 classes. We used their results to classify the basis of subspaces of symmetric group S 4 . The entanglement classes of basis of subspace S sym : (The basis are in (B.1)) 19 to classify the entanglement of four qubit Fermi gas density matrix. The polynomial entanglement measure of degree-2 is zero for some classes of entanglement. In fact this measure is nonzero just for classes: fC 10 ; C 26 ; C 27 ; C 30 ; C 33 ; C 38 ; C 41 ; C 54 ; C 60 ; C 64 ; C 67 ; C 68 ; C 82 g. Therefore from the fact that the mentioned measure is zero for 4 , then we can express the density matrix as an equal mixture of a di®erent set of the pure states jz i 1 ;i 2 ;...;i N i, with the quantity Cðjz i 1 ;i 2 ;...;i N iÞ is equal to zero. Therefore the pure states jz i 1 ;i 2 ;...;i N i can not belong to the above 13 entanglement classes.
We study the entanglement classes of blocks of 4 separately. The density matrix 4 is biseparable for positive values of p ij s.
ð4:5Þ 
The matrix 3;1 has nine eigenvectors (with only three eigenvalues with degeneracy three) as the linear combination of the each SUð2Þ in the basis of subspaces S 3;1 as
where i ¼ 1; 2; 3 and j 0 j i for j ¼ 1; 2; . . . ; 9 are the basis of S 3;1 and they are given in Appendix B. From Ref. 14 or Appendix C, we have
Then the block 31 has at most the entanglement of class C 60 , in the entanglement classi¯cation in Ref. 14.
The block 2;2 has two eigenvectors as
where j 00 j i for j ¼ 1; 2 are the basis of S 2;2 and they are given in Appendix B, and every convex combination of these two vectors as ji ¼ cos j
The eigenvectors of the blocks of density matrix belong to the classes C 19 , C 60 and C 33 . The polynomial measure is zero for the four qubit Fermi gas density matrix, so we conclude that the four qubit density matrix cannot belong to the classes C 33 and C 60 and it can be from the class C 19 and biseparable states of the classes C 2 À C 7 and C 11 À C 18 . 
4.3.
Then the optimization problem will be min TrðW sep Þ: ð4:13Þ
The above expression, is minimized when n 1 :n 2 ¼ À It is clear that
Therefore, The above expression, is minimized when n i :n j ¼ 1. 
Conclusion
In a noninteracting fermion gas, entanglement classi¯cation was investigated. We showed that n-qubit fermi gas density matrix is block diagonal in the basis of the projection operators to the subspaces of symmetric group S n and we gave the basis and the dimension of total space by using the Schur-Weyl duality theorem. After writing the density matrix in the block diagonal form, we could study the entanglement of density matrix in each block separately. Therefore, if one entanglement class does not exist in the blocks of density matrix, it will not exist in the total density matrix. Also, we proved that the symmetric parts of these density matrices are fully separable. Then a polynomial entanglement measure of degree-2 for any even-N qubits mixed state is calculated for Fermi gas density matrix and it was shown that it is equal to zero for even n qubit density matrix. Then by considering the three spin reduced density matrix, it was shown that the GHZ entanglement does not exist in it, but the W-state entanglement exists in three qubit density matrix. Then we constructed an entanglement witness for detecting nonbiseparable states in three qubit density matrix by using convex optimization problem. We also gave an entanglement witness for detecting nonseparable states in three qubit density matrix.
Also by considering the four spin reduced density matrix, the entanglement classes are investigated in the basis of projection operator of subspaces of S 4 . We also showed that some entanglement classes do not exist in the total density matrix by using the block diagonal form of density matrix. The eigenvectors of blocks of density matrix are from the classes C 19 , C 33 and C 60 , but the density matrix can not belong to the classes C 33 and C 60 , because the polynomial measure is not zero for these classes. Therefore, it can be concluded that the four qubit density matrix cannot belong to classes C 60 and C 33 . The four qubit density matrix belongs to the class C 19 and the superposition of separable and biseparable states. Again two entanglement witnesses are applied for detecting nonseparable states in four qubit density matrix. The basis for the young tableaux in Fig. A.1 are
ðA:1Þ
The projection operator in this symmetric space is The basis for the young tableaux in Fig. A.2 
ðA:3Þ
The projection operator in this space is 
ðB:1Þ
The projection operator in this symmetric space is
ðB:2Þ 
B.2. 3Â3 irreducible representation of symmetric group S 4
The basis for this young tableaux in Fig. B .2 are
The e®ect of lowering operator J À on the above state is
Also the other six states can be written by using the fourier transformation and the e®ect of lowering operator J À as
ðB:3Þ
The projection operator in this space is The basis for the young tableaux in Fig. B .3 are two singlets:
The e®ect os J À on this state will be zero. 
v ijkl e 1;i e 2;j e 3;k e 4;l : ðC:1Þ
For example the four qubit GHZ state is j1111i þ j2222i ¼ e 1;1 e 2;1 e 3;1 e 4;1 þ e 1;2 e 2;2 e 3;2 e 4;2 in this notation. In terms of arbitrary bases fe i g 1 i dim V J and fe 0 i g 1 i dim V InJ for the spaces V J and V InJ ,we have The above method for four qubit states will be K 1 ðvÞ ¼ w 2 V 1 :
v ijkl w i ¼ 0; j; k; l 2 f1; 2g Therefore, the four qubit states can be classi¯ed in 82 classes by using the 19 parameters n Q i . But some classes have the same amount of entanglement, for example the class j 14 i j 23 i, j 13 i j 24 i and j 12 i j 34 i, have the same amount of entanglement, which are in di®erent classes C 8 , C 9 and C 10 in the C 2 ð0; 0; 1; 1; 3; 3; 2; 2; 9; 7; 7; 7; 7; 10; 3; 3; 7; 7; 10Þ A 4 C 10 ð0; 0; 0; 0; 0; 0; 0; 0; 9; 0; 0; 0; 0; 9; 0; 0; 0; 0; 9Þ A 5 C 11 ð0; 0; 0; 1; 1; 2; 2; 2; 5; 5; 7; 5; 7; 7; 2; 2; 2; 7; 8Þ A 6 C 15 ð0; 0; 0; 1; 0; 2; 2; 2; 4; 4; 7; 4; 7; 7; 2; 2; 2; 7; 7Þ 
